TWO-DIMENSIONAL WINDOWS

I. Introduction
Two-dimensional windows find applications in many diverse fields, such as the spectral estimation of random fields, the design of two-dimensional digital filters,* optical apodization, and antenna array design.
1-4 Many good one-dimensional windows have been devised, however, relatively few two-dimensional windows have been investigated. ' In this paper, we establish a result which enables us to get good two-dimensional windows from good one-dimensional windows.
II. The Problem
We first review briefly the one-dimensional problem. Let the Fourier transform of a function f(x) be F(u). For some reason, we want to truncate f(x):
w(x) = 0, for |x| > A
where A is a constant.
The Fourier transform of g(x) is
where W(u) is the Fourier transform of w(x), and <8> denotes convolution.
Our problem is to choose an appropriate shape for the window function w(x) such that G(u) is close to F(u) and in any region surrounding a discontinuity of F(u), G(u) will not contain excessive ripples. It is well known that the Fourier transform W(u) of a good window w(x) should have a big central peak and small sidelobes.
In two dimensions, the problem is entirely similar. Let the two-dimensional
Fourier transform of a function f 2 (x,y) be F 2 (u,v), and let g 2 (x,y) = f 2 (x,y) w 2 (x,y)
2 2 2 where w 2 (x,y) = 0for |x + y | >A
The Fourier transform of g 2 (x,y) is
where W 2 (u,v) is the Fourier transform of w 2 (x,y). The problem is to choose an appropriate shape for the two-dimensional window function w 2 (x,y) such that G 2 (u,v) is close to F 2 (u,v) and in the neighborhood of a discontinuity of F 2 (u,v), G 2 (u,v) does not contain excessive ripples.
III. The Result
Intuitively, we feel that if w (x) is a good symmetrical one-dimensional window, then . /2 2 w 2 vx,y) = w (Vx +y )
will be a good two-dimensional window. This is indeed partially verified by the following two examples.
The first example is w(x) = (l, for |x| <; 1 (8) (0, for |x| > 1
Then the Fourier transform is
W<u)=^P-(9)
whose first side-lobe peak is about 20$ of the peak at u =0. The corresponding two-dimensional window 
Now, °° W(u) ® H(u) = f dt W(t) H (u -t)
and JO, for |u +v | >B And we truncate the two-dimensional impulse response f 2 (x,y) by a twoisional window w (x,y). Then the actual frequency response we are getting
Let us assume that the widths of W(u) and W 2 (u,v) are much smaller than B, then near the discontinuities of F (u), viz., u = ± B, G(u) is essentially equal to the convolution of W(u) and a one-dimensional step function, and similarly, near 2 2 2 the discontinuities of F 2 (u,v), viz. , u + v = B , G 2 (u,v) is essentially equal to the convolution of W 2 (u,v) and a two-dimensional step function. It therefore follows from our theorem that: This means that we can design a good two-dimensional low-pass filter by using the window w (x,y) as given by Eq. (30), if w(x) is a good window to use in designing a good one-dimensional low-pass filter.
V. Summary
We have shown that if w(x) is a good symmetrical one-dimensional window, / 2 2 then w (x,y) = w (\/x +y ) is a good circularly symmetrical two-dimensional window.
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